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ABSTRACT: The inverse Gaussian distributed method of moments (IGDMOM) was developed to analytically solve
the kinetic collection equation (KCE) for the first time. Using the IGDMOM, we obtained both new analytical and
asymptotic solutions to the KCE. This is shown for both the free-molecular and continuum regime collision frequency
functions. The new analytical solutions are highly suitable for demonstrating the self-preserving size distribution (SPSD)
theory. The SPSD theory is considered one of the most elegant research works in atmospheric science for aerosols or
small cloud droplets. It was initially discovered by Friedlander and then developed by Lee with an assumption of the
time-dependent lognormal size distribution function. In this study, we demonstrate that the SPSD theory of coagulating
atmospheric aerosols can be presented in a simpler and more rigorous theoretical way, which is realized through the
introduction of the IGDMOM for describing aerosol size distributions. Using the IGDMOM, the new formulas for the
SPSD, as well as the time required for aerosols to reach the SPSD, are analytically provided and verified. Furthermore,
we discover that the SPSD of atmospheric aerosols undergoing coagulation is only determined using a shape factor
variable V, which is composed of the first three moments at an initial stage. This study has critical implications for
developing tropospheric atmospheric aerosol or small cloud droplet dynamics models and further verifies the SPSD
theory from the viewpoint of theoretical analysis.
KEYWORDS: Atmosphere; Numerical analysis/modeling; Model comparison; Aerosols/particulates
1. Introduction
In the study of atmospheric aerosols, a major discovery was
that with time, tropospheric aerosols might lose their ‘‘birth-
marks’’ and acquire a size distribution independent of the
physical properties of the medium (e.g., temperature, viscosity,
and density) and time (Pruppacher and Klett 1997; Clark and
Whitby 1967). This phenomenon puzzled scientists in the first
half of the last century before Friedlander established the self-
preserving size distribution (SPSD) theory (Friedlander 1960)
to research turbulence; here, the SPSD was attributed to
aerosol coagulation, resulting in a shift from small aerosol
condensation nuclei to theAitken range in the upper end of the
spectrum.
In the SPSD theory (Swift and Friedlander 1964; Friedlander
and Wang 1966), a similarity transformation method (STM)
was introduced to obtain asymptotic solutions to the kinetic
collection equation (KCE). The STM assumes that particle size
distribution (PSD) is a function of only particle volume nor-
malized by the average particle volume. Substituting Eq. (28)
into Eq. (1) with different coagulation kernels for the con-
tinuum and free-molecular regimes yields ordinary in-
tegrodifferential equations for c, with h the independent
variable after some complex processing; however, analytical
solutions to the ordinary integrodifferential equations can only
be found for the upper and lower ends of the distribution by
making suitable approximation (Friedlander 2000), or nu-
merical results can be obtained using numerical approaches
such as the finite-difference method, the detailed numerical
process can be found in Friedlander and Wang (1966).
Lee (1983) further developed the SPSD theory based on the
concept of the method of moments (MOM) by presuming that
size distribution during the coagulation process can be repre-
sented by a time-dependent lognormal function (Lee 1983; Lee
et al. 1984; Park and Lee 2001; Wang et al. 2019). This method
is called ‘‘log MOM’’ in the present article. The SPSD function
c(h) presented by log MOM was obtained by combining
Eq. (28) and the lognormal distribution function n(y, t), in
which the parameters with respect to time will approach their
limit values when time tends to infinity; thus, the analytical
expression of the parameters should be obtained first. The
SPSD theory via log MOM not only avoids the difficulty of
solving the ordinary integrodifferential equations in the STM
but directly yields the analytical expressions of SPSD.
Furthermore, the analytical solutions to the KCE provided
by log MOM are more accurate than those through the STM
by Friedlander (Lee 1983).
Since these findings, numerous studies have developed and
tested the SPSD theory (Dekkers and Friedlander 2002; Hidy
1965; Junge 1969; Lai et al. 1972; Liu andWhitby 1968; Nathans
et al. 1970; Frenklach 1985). Typically, the SPSD theory has
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played a major role in explaining particle coagulation in gases,
liquids, and recently gelation (Goudeli et al. 2015; Park et al.
2000; Söderlund et al. 1998; Zhao et al. 2015). This theory has
also been used to explain particle evolution after nuclear air
bursts and aerosol distribution in the urban atmosphere; size
distribution calculated based on the SPSD theory was consis-
tent with that obtained through experimental procedures
(Clark andWhitby 1967; Nathans et al. 1970). Moreover, based
on the SPSD theory, analytical solutions to the KCE can be
obtained, which is a logical procedure that yields a relatively
accurate solution and has strict functional forms in explicit
expressions, from which any corresponding value associated
with distribution function (such as kth moment, mean, variance,
kurtosis, skewness) can be calculated. Because of their generality,
analytical solutions can intuitively reflect the relationships among
various aerosol mechanisms and can be used for both qualitative
and quantitative analyses (Turco and Yu 1998, 1997; Kelesidis
and Goudeli 2021; Hussein et al. 2020, 2004; Ensor 2011).
The lognormal distribution was introduced to the descrip-
tion of dispersed particles by Kolmogorov (1941) and was in-
troduced to the field of atmospheric science by Foitzik (1965)
for describing optical aerosol properties (Kolmogorov 1941;
Foitzik 1965). With its extended methods, the lognormal dis-
tribution has been the most widely used function for charac-
terizing atmospheric aerosol size distribution (Cai et al. 2016;
Riemer et al. 2009; Wang et al. 2012; Wang et al. 2019).
Recently, a three-parameter inverse Gaussian distribution
(IGD) was demonstrated to be a more suitable function than
the lognormal distribution for characterizing atmospheric
aerosol size distribution, and a newMOM, namely, the inverse
Gaussian distributed MOM (IGDMOM), was established for
solving the KCE involving Brownian coagulation, turbulent
shear coagulation, and condensation (Shen et al. 2020b). IGD
dates back to 1915 when Schrödinger (1915) and Smoluchowski
(1915) presented independent derivations of the density of the
first passage time distribution of Brownian motion with positive
drift (Schrödinger 1915; Smoluchowski 1915). The modern sta-
tistical community was acquainted with this law by the pio-
neering work of Tweedie (1957). Seshadri (1999) provided a
general discussion of the early history; later, IGD was first used
to describe the motion of pollen particles in water as well as
lifetime distribution by (Chhikara and Folks 1977), who elabo-
rates the advantages in the use of the inverse Gaussian over the
lognormal. To the best of our knowledge, adopting the gener-
alized IGDas an aerosol/cloud PSDmodel was first proposed by
Alexandrov and Lacis (2000) to characterize aerosol radiative
properties. We later observed that the IGDMOM can charac-
terize the skewness and kurtosis of size distribution more accu-
rately than the log MOM (Shen et al. 2020b).
This study derived explicit analytical solutions with the re-
alistic collision kernel for aerosol particle coagulation in the
continuum and free-molecular regimes. In the following sec-
tions, the analytical solutions of the parameters in the IGD
with respect to time are presented by rigorous mathematics
derivation; the asymptotic expressions of the zeroth moment,
second moment, and shape factor are then obtained as time
tends to infinity; and finally, the analytical expressions of the
SPSD through the IGDMOM and the function of time
required to reach the SPSD are both determined theoretically.
Compared with the other methods, including recognizable
STM and log MOM, the SPSD obtained by the IGDMOM has
the advantages of logical and rigorous derivation process,
concise analysis expression, and competitive precision. Noted
here only coagulation is considered in the present study be-
cause other dynamics, such as condensation, might make the
SPSD nonexistent, which is shown in appendix G. Notably, all
nomenclature, Greek letters, and abbreviations appearing in
this article are presented in appendix H.
2. Theory
a. Numerical solution to KCE using the IGDMOM
The KCE has long been used to mathematically model the
time evolution of size distributions of cloud droplets and
aerosols due to their collision–coalescence events (Wang et al.
2007). The KCE undergoing coagulation can be described us-
ing the following integrodifferential expression (Müller 1928;




























Loss of aerosol with volume y
, (1)
where n(y, t) is the particle number concentration density for
particle volume y at time t, and b(y, y1) is the coagulation
kernel for two particles with volume y and y1. The first term on
the right-hand side of Eq. (1) is the gain integral, representing
the production of particles with volume y due to all possible
binary collision events of small particles. The second term is
the loss integral resulting from collision events involving par-
ticles with volume y as source particles. The KCE is also known
as the population balance equation, Smoluchowski equation,
general dynamic equation, or stochastic coalescence equation
(Wang et al. 2007). The complete solutions to Eq. (1) for re-
alistic collision kernel do not exist due to the highly nonlinear
integrodifferential equation itself and particle size dependency
of the collision coefficient b(y, y1) (Valioulis and List 1984;
Klett 1975; Khvorostyanov and Curry 2008; Scott 1968; Turco
and Yu 1998; Lai et al. 1972).
Here, we present a brief discussion of the IGDMOM, which
is used to solve Eq. (1) numerically in the framework of the
MOM. The detailed derivation for the IGDMOM is presented
in Shen et al. (2020b). Without loss of generality, the moment
transformed equations of the SPSD can be obtained by mul-
tiplying Eq. (1) by yk and integrating over the entire size dis-



















, t) dy dy
1
, k5 0, 1, 2, . . . , (2)
where the kth moment of the size distribution is defined as
follows:
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ykn(y, t) dy. (3)
To solve Eq. (3), we apply a time-dependent IGD to ap-
proximate the density function n(y, t). IGD has the following








whereN(t) is the total particle number concentration, and IGD
is characterized by three positive parameters, N, u, and f. For
y . 0, f(t) is the mean of the distribution, and u(t) is the shape
parameter. As u(t) tends to approach infinity, IGD approxi-
mates a Gaussian distribution. Notably, Alexandrov and Lacis
(2000) provide the general form of Eq. (4). Substituting Eq. (4)











where Kk21/2(s) is the second type of modified Bessel function.
Let s 5 u/f, then the parameters can be expressed using the
















For atmospheric aerosol or cloud droplet coagulation due to
Brownianmotion in the continuum regime, the collision kernel










(y1/3 1 y01/3) , (8)
where KCO 5 2kBT/(3m) is the coagulation coefficient
for the continuum regime, kB is the Boltzmann constant,
T is the absolute gas temperature, and m is the gas vis-
cosity. The continuum theory can be applied to atmo-
spheric particles larger than a few tenths of a micron (Lai
et al. 1972).
The collision kernel, b(y, y1), in the free-molecular regime, is










(y1/3 1 y01/3)2 , (9)
where KFM 5 [3/(4p)]
1/6(6kBT/r)
1/2
is the coagulation coeffi-
cient for the free-molecular regime and r is the mass density of
the particle.
According to the IGDMOM (Shen et al. 2020b), the evo-
lution equations of moments for Brownian coagulation can be







































The evolution equations for the free-molecular regime col-


















































The method for obtaining b0 and b2 in Eq. (11), as well as
their expressions, are presented in appendix A.
b. Analytical solutions to the KCE
The study of the analytical solution to the KCE is not new;
Smoluchowski (1917) was the first to provide an analytical
expression for the early coagulation stage of an aerosol con-
sisting of monodisperse aerosols, and his work was subse-
quently developed by Friedlander (1960), Lee et al. (Lee et al.
1990; Lee 1983), and Yu et al. (2016, 2015a). The detailed
mathematical expressions for these analytical solutions are
presented in appendix B.
Other works on the analytical solutions to the KCE include
the study of cloud droplet coalescence in which Scott (1968)
solved the KCE analytically using three types of unrealistic
collection kernels. In the study of the steady-state, source-
enhanced atmospheric aerosol, Klett obtained the analytical
solution to the KCE by assuming the collection kernel K 5
K0u
aya, where K0 and a are constants (Klett 1975). Moreover,
the analytical solutions to the KCE were executed considering
plume expansion, condensation, and nucleation by Turco
et al. (Turco and Yu 1997, 1998, 1999; Yu and Turco 1998) and
puff/plume coagulation effects in the presence of atmospheric
dispersion by Anand and Mayya (2011); the collision formulas
in these studies are simplified to be constant or reduced forms
to include maximum dynamics.
In the present study, however, the analytical solution to
the KCE with the realistic collision kernel for Brownian
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coagulation is considered by implementing the IGDMOM. For
simplification, other dynamical processes such as dispersion,
condensation, and nucleation are not included. Because this pa-
per focuses on the SPSD of coagulation, the analytical solutions
discussed in this section are mainly to derive the final expressions
of SPSD, whereas kinetic processes are not required here, and
they can be discussed separately in another article later. For













where E is f, and s5 1/(V2 1) for IGD based on Eqs. (6) and
(7). Furthermore, V has the property V . 1 for s . 0. Once E
and V are defined, we find that the kth moments in various
MOMs, including the IGDMOM, TEMOM, and log MOM,






The derivations of Eq. (14) in terms of the IGDMOM,
TEMOM, and log MOM are presented in appendix C. In the
subsequent discussion, the shape factorV is found to be closely
related to other vital characteristics of a PSD.
1) BROWNIAN COAGULATION IN THE CONTINUUM
REGIME
According to the derivation presented in appendix D,
























[11 a(s)]t1 1 ,
(15)
where M00, M10, M20, and V0 are the initial values of M0, M1,
M2, and V, and t 5 KCOM00t. a(s) is a monotonically de-
creasing function for s. 0, whose expression and characteristic
are presented in appendix D.
Substituting Eq. (15) into Eqs. (6) and (7), and combining
Eq. (13), gives the following expressions:
f5E5E
0
f[11 a(s)]t1 1g , (16)
























Notably, s5 1/(V2 1). It also should be mentioned that a(s)
in Eqs. (15)–(18) can be assigned as the initial value a(s0) for
simplified calculation, which has been discussed in appendix D.
Finally, the entire size distribution due to Brownian coagu-
lation in the continuum regime at any time can be constructed
using Eq. (4), with the values of f and s presented in Eqs. (16)
and (17). In particular, when t / ‘, we have V‘ in Eq. (18a)




a[s(t)]5 a(1)5 1:081 442: (19)
2) BROWNIAN COAGULATION IN THE FREE-
MOLECULAR REGIME
According to the derivation presented in appendix E, the




















































where t5KFME1/60 M00t, a0(s) and a2(s) are monotonically in-
creasing and decreasing functions for s. 0, respectively, whose
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Finally, the size distribution due to Brownian coagulation in
the free-molecular regime at any time t can be constructed
using Eq. (4) with the values of f and s presented in Eqs. (22)

























gives the limit value of s 5 1.760 34, and then V / 1/A 5
1/s11 5 2.31, from which the constant A can be defined to be
equal to 0.4319.
It must be mentioned that ak(s) and bk(s) (k 5 0, 2) in Eqs.
(20)–(24) can be assigned as the initial values ak(s0) and bk(s0)
(k 5 0, 2) for simplified calculation, which has been discussed
in appendix E.
Notably, benefiting from the unique characteristics of the
kth moment of the IGDMOM, the analytical solution can be
obtained directly and simply from the ordinary differential
equations of the first three moments, which is completely dif-
ferent from that of the other methods, namely, the STM by
Friedlander, log MOM by Lee et al., and TEMOM by Yu et al.
(Chen et al. 2014; Lee 1983; Lee et al. 1984, 1997; Yu et al.
2015a,b).
3) SPSD FORMULAS
In the SPSD theory by Friedlander (1960), the dimensionless
particle volume h and the size distribution density function





















where V is the total particle volume and N is the total particle
number concentration, which are identical to M0 and M1, re-
spectively. Next, the variable y can be expressed by f and h:
y5fh . (30)
Therefore, the IGD presented in Eq. (4) can be converted
















where s‘ is the limit of s when t / ‘.
According to the discussion for Brownian coagulation in the
continuum regime [i.e., Eq. (17)], we have s‘ 5 1, and thus, the













Similarly, the SPSD form for Brownian coagulation in the













Equations (32) and (33) are the SPSD expressions proposed
in this study for Brownian coagulation in the continuum and
free-molecular regimes, which are verified by comparing with
other general expressions, as detailed in section 4.
4) SELF-PRESERVING TIME t‘
It is critical to know how long it takes to reach SPSD, that is,
the self-preserving time (SPT)—as aerosols are polydisperse.
The SPT strongly depends on the initial aerosol size distribu-
tion (Lee 1983; Vemury et al. 1994; Frenklach 1985). For the
first time, Hidy and Lilly gave the SPT for an initially mono-
disperse aerosol undergoing Brownian coagulation in the
continuum regime (Hidy and Lilly 1965; Hidy 1965). Lee et al.
derived expressions of the SPT in both continuum and free-
molecular regimes as a function of the initial geometric stan-
dard deviation of the PSD (Lee et al. 1990). They defined the
SPT as the time required for the geometric standard deviation
of the distribution to approach its SPSD value within610%. In
this article, following Lee et al.’s definition of SPT, the ex-
pression of SPT with respect to V0 is given.
The shape factor V‘ in the continuum regime is obviously
equal to 2 from Eq. (18a), and then the SPT (V‘ 5M00KCOt‘)
in the continuum regime is defined by
jV(t
‘
)2 2j, 0:1 , (34)



































In the free-molecular regime, V‘ 5 2.3152 as given in
Eq. (24a), then the dimensionless SPT (t‘ 5KFME1/60 M00t‘) in
the free-molecular regime is defined as
jV(t
‘
)2 2:3152j, 0:1: (36)
Next, t‘ can be obtained by substituting Eq. (36) into
Eq. (24a):
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From Eqs. (35) and (37), the SPT can be determined based
on only the initial shape factor; that is, V0, whereas Lee et al.
reported that the SPT is determined based on only the initial
geometric standard deviation sg0 of SPD (Lee et al. 1990). The
relation between V0 and sg0 is presented in Eq. (47).
3. Numerical implementation
To verify the obtained analytical solutions to the KCE as
well as SPSD expressions, we compared the results with
highly recognizable schemes (Friedlander 1960, 1961; Lee
1983; Smoluchowski 1917; Yu et al. 2015a). Furthermore,
the results were compared with a prestigious method,
namely, the sectional method (SM; Landgrebe and Pratsinis
1990), which does not assume a particular size distribution
during coagulation and has been extensively used to vali-
date other methods as a reference (Lee 1983; Lee et al.
1984, 1990; Otto et al. 1999; Yu and Lin 2009a,b, 2017, 2018;
Wang et al. 2019). In this paper, the SM is also used as a
reference to validate the method proposed in this study. To
ensure high numerical accuracy of this SM method, the
section number is 800 and the section spacing factor is 1.045
(Shen et al. 2020a).
Here, to discover the ability of the analytical and asymptotic
schemes proposed in this study to characterize the evolution of
atmospheric aerosol and warm cloud droplets under high
concentration conditions (Otto et al. 1999), the following initial
parameters for the comparison calculations were chosen:





m 5 1.83 3 1025 kg s21m21,
dp0 5 1.0 nm (Brownian coagulation in the free-molecular
regime),
dp0 5 0.5mm (Brownian coagulation in the continuum
regime),
sg0 5 1:2 [i.e., V0 5 e9ln
2(1:2) 5 1:349].
The total particle number concentration, second moment,
and shape factor are monitored as a function of time. The di-
mensionless moments are defined as Mk/Mk0, and the dimen-
sionless time is defined as t 5 KCOM00t in the continuum
regime and t5KFME1/60 M00t in the free-molecular regime.






2/2, and sg0 is the initial geometric standard
deviation of aerosols. In this study, sg0 5 1.20 for all investi-
gated cases.
The definition for Mk0 presented in Eq. (38) is derived from
the work of Lee (1983), who assumed the atmospheric aerosol
size distribution to be a lognormal size distribution, which was
also used by Pratsinis (1988) and our previous study (Shen et al.
2020b). For convenient analysis, all the quantities presented in
section 4, including total particle number concentration and
the second moment, are presented in dimensionless form.
This study verified the precision of analytical solutions to the
KCE as well as other mathematical expressions. To achieve
this, the IGDMOM, log MOM, TEMOM, and SM were ap-
plied to solve the same PBE under the same conditions. The
relative errors of the kth moments of the investigated methods











where Mk(MOM) is the kth moment obtained from the in-
vestigated MOM and Mk(SM) is the corresponding moments
obtained from the referenced SM. All numerical calculations
are implemented using the fourth-order Runge–Kutta method
with a fixed time step of 0.001 in dimensionless form.
4. Results and discussion
By applying the IGD to the description of atmospheric
aerosol size distribution, we noted that Friedlander’s SPSD
theory of coagulating atmospheric aerosols can be efficiently
presented, which is reflected in the following four analytical
solutions to the SCE, asymptotic analysis, SPT, and dimen-
sionless self-preserving size distribution expression.
a. Analytical solutions to the SCE
Figure 1 illustrates the variance of the dimensionless total
particle number concentration M0/M00 (Fig. 1a), the dimen-
sionless second moment M2/M20 (Fig. 1b), and the shape
factorV (Fig. 1c), with time as well as the relative errors of such
quantities to the referenced SM (Figs. 1d–f) for Brownian co-
agulation in the continuum regime. In the figure, the analytical
solutions to the KCE proposed by Smoluchowski (1917),
Friedlander and Wang (1966), Lee (1983), and Yu et al.
(2015a) are implemented and are compared with the solutions
presented in Eqs. (15) and (18a). In the analytical solutions of
Smoluchowski (1917) and Friedlander and Wang (1966), no
information regarding M2/M20 is provided; thus, no curves are
available for their solutions in Figs. 1b, 1c, 1e, and 1f. As pro-
posed in the literatures (Landgrebe and Pratsinis 1990; Yu and
Lin 2009a), the initial distribution of all MOMs here is chosen
as lognormal distribution.
The analytical solution of Friedlander and Wang (1966)
produces the largest errors for M0/M00, followed by that of
Smoluchowski (1917). The IGDMOM, log MOM, and
TEMOM overlap, and it is difficult to distinguish them, even
from the relative errors presented in Fig. 1d; the relative errors
of these three solutions to the SM are less than those of solu-
tions by Smoluchowski (1917) and Friedlander and Wang
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(1966). This is because the solution by Smoluchowski accu-
rately applies only to monodisperse aerosols, whereas the so-
lution by Friedlander and Wang applies only to aerosols that
have attained the SPSD distribution. For both M2/M20 and V,
Figs. 1b, 1c, 1e, and 1f illustrate that the present solution
(IGDMOM) gives nearly the same results as that produced by
the log MOM and TEMOM. Thus, the analytical solution
proposed in this article has the same accuracy for character-
izing the evolution of aerosol quantities, including M0/M00,
M2/M20, and V as the log MOM and TEMOM, although they
have different mathematical expressions.
Similarly, the analytical solutions to the KCE for Brownian
coagulation in the free-molecular regime are displayed in Fig. 2
for the three typical quantities, namely, M0/M00, M2/M20,
andV, through the implementation of the present solution and
solutions by Smoluchowski (1917), Lai et al. (1972), Lee et al.
(1984), and Yu et al. (2015a). The present solutions, presented
in Eqs. (20) and (24a), are used for the calculation. For the
dimensionless total particle number concentration, M0/M00,
the solution by Smoluchowski generates the largest errors
relative to the SM. The present solution generates curves that
overlap with the TEMOMand logMOM,whose relative errors
are nearly the same as the solution by Lai et al. (1972), al-
though the solution by Lai et al. (1972) theoretically only ap-
plies to aerosols that have attained the SPSD due to similarity
transformation. The present solution is nearly the same as that
by the TEMOM and log MOM for M2/M20, whereas for the
shape factorV presented in Figs. 2c and 2f, the present solution
produces significantly fewer errors than the log MOM.
In summary, through the examination of three typical quan-
tities, namely, M0/M00, M2/M20, and V, the analytical solutions
proposed in this study have higher accuracy than solutions by
Smoluchowski (1917) and other researchers (Friedlander and
Wang 1966; Lai et al. 1972). The present solutions provide similar
or higher accuracy than the log MOM for M0/M00, M2/M20,
and V, although all these solutions have different mathematical
expressions and are obtained from different size distributions.
b. Asymptotic analysis for SPSD
1) BROWNIAN COAGULATION IN THE CONTINUUM
REGIME
Dimensionless moments for the SPSD are an essential
consideration for asymptotic analysis in the MOM. From
Eq. (15), the time evolution of the dimensionless zeroth mo-













where M00 is the initial value of M0, t 5 M00KCOt, and 1 1
a(V‘) 5 2.0814. The dimensionless zeroth moments for the











The values of a given by Lee (1983) and Friedlander (2000) are
2.080 and 2.129, respectively. For Smoluchowski’s discretized
FIG. 1. Variances of dimensionless total particle number concentrationM0/M00, dimensionless second momentM2/M20, and the shape
factorVwith time, as well as the relative errors of such quantities to the referenced SM for Brownian coagulation in the continuum regime.
The scaled time is t 5 KCOM00t.
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PSD with a constant collision kernel, the value of a is 2
(Smoluchowski 1917), whereas for the TEMOM it is 2.086
(Chen et al. 2014).
Figure 3a illustrates the evolution of the dimensionless ze-
roth moment predicted using different methods. All the results
are in excellent agreement, especially those given by the
present study and by Lee (1983) because the value of a given
by these two methods is almost the same.
Moreover, assuming the size distribution has reached the
SPSD in the continuum regime, the time evolution of the








5- t1 1, (42)
FIG. 2. Variances of dimensionless total particle number concentrationM0/M00, dimensionless second momentM2/M20, and the shape
factor V with time, as well as the relative errors of such quantities to the referenced SM for Brownian coagulation in the free-molecular
regime. The scaled time is t5KFME1/60 M00t.
FIG. 3. Evolution of the dimensionless (a) zeroth moment and (b) second moment for the SPSD in the continuum
regime. The scaled time is t 5 KCOM00t.
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where -5 11a(V‘)5 2.0814. Thus, the dimensionless second
moment M2/M20 changes linearly with time. If the size distri-
bution is specified as lognormal or is not presupposed as any
distribution in the TEMOM, and is assumed to have achieved
the SPSD, the time evolution of the second moment can be
derived as (M2/M20)jSPSD5-t11, where -5 1121/95 2.0801
in the log MOM and - 5 338/162 5 2.0864 in the TEMOM
(Chen et al. 2014). For Smoluchowski’s discretized size distri-
bution with a constant collision kernel,-5 2 (Frenklach 1985).
Figure 3b illustrates the evolution of the dimensionless sec-
ondary moment predicted by different methods. The present
IGDMOM, TEMOM, log MOM, and Frenklach’s method
produce overlapped curves, which cannot be distinguished
from each other.
2) BROWNIAN COAGULATION IN THE FREE-
MOLECULAR REGIME
Similar to the continuum regime, in the free-molecular re-
gime, the shape factor V can be used to investigate the time
evolution of the PSD in the SPSD. From Eq. (20), the time
evolution of the dimensionless zeroth moment for the SPSD
when V reaches V‘ after a sufficient length of time in the free-
































/6)a0(V‘)b0(V‘)5 2:580. The time evolution of the di-













/6)a0(V‘)b0(V‘), the value of g is 2.604 for the
logMOM (Lee et al. 1984), 2.779 for the STM (Lai et al. 1972),
and 2.630 for the TEMOM (Chen et al. 2014). Figure 4a
illustrates the evolution of the dimensionless zeroth moment
produced by different methods for Brownian coagulation in
the free-molecular regime. The initial condition for the inves-
tigated aerosol is assumed to be already under the SPSD state.
The analytical solutions from the present IGDMOM, TEMOM,
and log MOM had good agreement for the evolution ofM0/M00.
However, obvious differences existed between the STM(Lai et al.
1972) and these threeMOMs, namely, the IGDMOM, TEMOM,
and log MOM.
The time evolution of the dimensionless second moment
M2M00/M
2
10 can be derived using Eq. (20), if the initial valueV0




























Accordingly, a unified expression can be proposed for all the








5 (gt1 1)6/5 . (46)
Figure 4b illustrates the evolution of the dimensionless
second moment predicted using different methods. The pres-
ent IGDMOM, TEMOM, and log MOM produce overlapped
curves, which cannot be distinguished from each other.
In conclusion, we observed that for dimensionless mo-
ments, namely, M0/M00 and M2/M20, unified expressions
exist in all existing methods. There are only differences for
specific parameters among all the methods. The analytical
expressions derived using the IGDMOM provide great
precision.
c. SPT
According to the SPSD theory by Friedlander (1960), a co-
agulating aerosol in an atmospheric environment should reach
FIG. 4. Evolution of the dimensionless (a) zeroth moment and (b) second moment for the SPSD in the free-
molecular regime. The scaled time is t5KFME1/60 M00t.
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the same steady-state size distribution with time regardless
of the aerosol’s initial size distribution. When this steady
state is reached, the shape of aerosol size distribution dealt
by similarity transformation treatment does not change with
time (Friedlander 1960, 1961; Friedlander and Wang 1966;
Wang and Friedlander 1967). Clark and Whitby (1967) used
the theory to successfully explain the general shape of
the observed size distribution of atmospheric aerosols.
Although in the atmospheric environment, the aerosol size
distributions in any position may be different, the size dis-
tribution can be locally SPSD at all times. Thus, for pre-
dicting the property of atmospheric aerosol at a given time,
determining the time required to attain the SPSD; that is,
SPT is essential.
In this study, the SPTs calculated from the present model
presented in Eqs. (35) and (37) are compared with those from
the log MOM and TEMOM. The SMs (y2-based model, fs 5
1.08; y-based model, fs 5 1.08) used by Vemury et al. (1994)
were executed as a reference, whose detailed mathematical
expression is presented in appendix F. Figure 5a illustrates
the SPT in the continuum regime as a function of the initial
geometric standard deviation sg0. The selection of sg0
rather than the shape factor V0 as abscissa was consistent
with (Vemury et al. 1994). Here, following the definition for












Although the MOMs, including the IGDMOM, TEMOM,
and log MOM, generate nearly overlapping results for all sg0,
substantial differences exist between the MOMs and the SMs
(y2- and y-based models). The obvious difference between the
log MOM and SMs was addressed by Vemury et al. (1994).
Figure 5b illustrates the SPT in the free-molecular regime as a
function of the initial geometric standard deviation sg0.
Notably, at the SPSD state near sg0’ 1.345, the present model
overlaps with the log MOM, whereas away from sg0 ’ 1.345,
the present study approaches the TEMOM. Similar to the
discussion in Fig. 5a, all three MOMs deviate substantially
from the SMs (y2- and y-based models). In Table 1, the SPTs
are presented for the various methods when V0 5 1. For
comparison, the y2-based model, y-based model, log MOM,
and TEMOM are selected as references. The present
IGDMOM yields the same SPT for Brownian coagulation in
the continuum regime as logMOM, and the value lies between
that obtained using the log MOM and TEMOM for Brownian
coagulation in the free-molecular regime.
Figure 5 illustrates that the further the value of sg0 is from
the value in the SPSD at time t 5 0, the longer it takes for the
aerosol to reach the SPSD. This finding is quantitatively in
agreement with Hidy (1965) in that the self-preserving spec-
trum is independent of n(y, 0) although the time required to
reach the SPSDdepends on the shape of the initial distribution.
d. SPSD
The SPSD theory has become a critical tool for exploring
atmospheric particle coagulation mechanisms (Kreidenweis
et al. 2019; Pruppacher and Klett 1997). Friedlander andWang
(1966) studied the theoretical coagulation equation in the
FIG. 5. Time to attain the self-preserving distribution in the (a) continuum regime and (b) free-molecular regime as
a function of the initial geometric standard deviation for various methods.
TABLE 1. SPT when V0 5 1. For y







log MOM (Lee 1983) 4.5 /
log MOM (Lee et al. 1984) — 4.3797
TEMOM (Chen et al. 2014) 4.3520 2.9868
y2-based model (Vemury et al. 1994) 13.1 4.3
y-based model (Vemury et al. 1994) 17.3 5.3
IGDMOM (present study) 4.5 3.2076
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continuum regime by using the STM, and Lai et al. (1972) used
the same similarity solution to study the coagulation equation
in the free-molecular regime. On the basis of the assumption
that the PSD is lognormal distribution, through using the
transformation formula in STM [i.e., Eq. (28)], Lee (1983) and
Lee et al. (1984) derived new analytical SPSD expressions for
atmospheric aerosols underlying Brownian coagulation in both
continuum and free-molecular regimes. Such solutions by
Friedlander and Lee have become the main tools for deter-
mining atmospheric aerosol asymptotic distribution after long
periods.
Therefore, comparing the SPSD obtained from the IGDMOM
with solutions obtained from the STM by Friedlander and log
MOM by Lee is essential, and such a comparison is presented
in Fig. 6. In Fig. 6a, two direct numerical solutions to the KCE
regarding Brownian coagulation in the continuum regime are
displayed as a reference, namely, the finite-difference method
used by Friedlander and Wang (1966) and the SM used by
Vemury and Pratsinis (1994). These two numerical methods
nearly overlap each other, although different numerical tech-
niques are used. Both the log MOM and IGDMOM provide a
continuous spectrum over the whole size distribution, whereas
the STM by Friedlander and Wang provides only reasonable
spectra in the lower and higher ends of size distributions.
Friedlander and Wang (1966) claimed that the STM agrees
well only with the numerical solutions for h, 0.1 and h. 0.1,
which are also presented in Fig. 6a. Comparing the IGDMOM
with the log MOM and STM, the IGDMOM is much closer to
the log MOM over the whole size distribution, although these
two methods seem different from the referenced numerical
solutions.
Figure 6b compares the present IGDMOM, log MOM, and
STM for the SPSD regarding Brownian coagulation in the free-
molecular regime. For reference, we adopted the SM used by
Vemury and Pratsinis (1994) and the Adams extrapolation
method used by Lai et al. (1972). SPSD expressions in the log
MOM and the STM are proposed by Lee et al. (1984) and Lai
et al. (1972). The STM in Fig. 6b gives only the fitted values to
the numerical solutions in the upper and lower ends of the size
distribution, but the fitting is not as good as the STM in Fig. 6a.
Figure 6b presents that the satisfying agreement between the
STM and numerical solutions is only for h, 0.01 and h . 5.0.
Similar to the presentation in Fig. 6a, the IGDMOM is much
closer to the log MOM than to other solutions.
As is illustrated in Figs. 6a and 6b, the STM can only provide
the spectra in the upper and lower ends of the size distribution,
although these two little ends fit the referenced solution given
by the SM well. The present IGDMOM straightly gives the
analytical and explicit expression for the whole size distribu-
tion. The difference between the IGDMOM and the refer-
enced solution is due to the assumption of the time dependent
distribution.
5. Conclusions
A scheme to realize the SPSD theory is presented in this
study. The scheme is executed by first introducing IGDMOM
into the description of the atmospheric aerosol size distri-
bution and then by analytically solving the KCE in terms of
realistic Brownian coagulation kernels in the continuum and
free-molecular regimes. The KCE is solved using the concept
of the MOM in which the governing equations for the first
three moments are needed. We demonstrate the ability of
the new scheme for realizing the SPSD theory by presenting
new reasonable mathematical expressions for the SPSD
and SPT.
The present scheme is mainly compared with other several
recognizable schemes, including the SM, STM, log MOM, and
TEMOM. Regarding analytical solutions to the KCE, the SPT,
and SPSD expression, our new scheme is verified to realize the
SPSD theory with nearly the same accuracy as or higher ac-
curacy than the log MOM, and shows obvious higher accuracy
than the schemes by Smoluchowski (1917) and Friedlander and
Wang (1966). The scheme presented in this study demonstrates
FIG. 6. Self-preserving size distribution (SPSD) for different methods in the (a) continuum regime and (b) free-
molecular regime.
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the SPSD theorymore reasonably than the other schemes, such
as the STMand logMOM, since the derivations for expressions
of the SPSD and SPT are only based on rigorous theoretical
analysis.
The SPSD expressions from the present study are straight-
forward and explicit functions for the whole spectra. Previously,
analytical solutions could only be obtained from extreme
ranges. To obtain a full range of solutions through STM
(Friedlander and Wang 1966), the integrodifferential equa-
tions were handled using numerical methods, with several
key coefficients obtained from other numerical solutions
(Friedlander and Wang 1966; Lai et al. 1972).
The present scheme provides additional proof for the SPSD
theory and has important implications for developing tropo-
spheric atmospheric aerosol dynamics models involving the
evolution of size distribution.
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APPENDIX A
Method for Obtaining b0 and b2 Presented in Eq. (11)


















































Notably, the values of b0 and b2 change only with the ratio of
u and f (i.e., u/f5 s), rather than their absolute magnitude.
The different values of b0 and b2 following the variance of s are
indicated in Shen et al. (2020b), and we fit b0and b2 in line with
s from 0.1 to 1.1 with the interval of 0.1, as follows:
b
0




(s)5 0:226s20:3378 1 0:8643 . (A3)
Here, the solution for bi differs from that by Lee et al. in that
the log MOM has lower accuracy than the IGDMOM (Lee
et al. 1984; Shen et al. 2020b).
APPENDIX B
Analytical Solutions to the KCE by Various Scientists
Smoluchowski (1917) was the first to provide an analyt-
ical expression for an early coagulation stage of monodis-
perse aerosols. Lee (1983) presents the classical analytical










where t 5 KCOM00t, M00 is the initial value for M0 at t 5 0.
Because of the assumption of a constant collision kernel,
Smoluchowski’s solution is expected to apply only to the early
stages of coagulation; however, this solution has reasonably
good agreement with numerical calculations for predicting the
number decay even for late stages. Equation (B1) was applied
by Turco and Yu (1998) to the analytical study of aerosol size
distribution in a coagulating plume.
To overcome the limit of Smoluchowski’s scheme, which
only applies to monodisperse particles, Friedlander et al. pro-
posed using the similarity transformation to obtain the solution
to the KCE once the PSD becomes the SPSD (Wang and
Friendlander 1967; Friedlander 1960, 1961). In the continuum
regime, the decay of number concentrations takes the follow-









where a5 0.9046 and b5 1.248. In the free-molecular regime,
the corresponding decay of number concentrations using





5 (ct1 1)26/5 , (B3)
where c5 (5/6)(a/2)5 2:7791, t5KFME1/60 M00t, M00, and E0
are total particle number concentration and mean particle
volume of an aerosol at the time, t 5 0. In this study, E0 is
f at t 5 0.
Friedlander’s work could not provide the time evolution of
PSDs before the SPSD state was achieved (Friedlander 1960,
1961). To quantitatively examine many noteworthy time-
dependent characteristics of the Brownian coagulation pro-
cess, such as the effects of time and the initial spread of the
PSD on the number decay, on the increase of the mean particle
size, and on the change in the standard deviation, for the first
time, Lee (1983) used MOMs to obtain a simple analytical
solution that provides the size distribution over the entire pe-
riod of coagulation, based on the use of a time-dependent
lognormal function for depicting the size distribution of coag-
ulating particles (Lee 1983; Lee et al. 1984). In the continuum





















where t 5 KCOM00t, and V0 is the value at the initial time.
In the free-molecular regime, Lee’s analytical solution (Lee
et al. 1984) to the KCE takes the form of
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where t5KFME1/60 M00t, and b is a constant.
APPENDIX C
Derivation of Eq. (14) for Different Methods
a. IGDMOM
The kth moment closure function of the IGDMOM is pre-















Ekf (V, k), (C1)
where s 5 1/(V 2 1).
b. Log MOM
The kth moment closure function of log MOM was first































Ekf (V,k) , (C2)
where yg 5 (M1/M0)[M21/(M0M2)]
1/2
, and V5 e9ln
2s.
c. TEMOM
The kth moment closure function of the TEMOM was ob-






































































Ekf (V, k). (C3)
APPENDIX D
Derivation of Eq. (15)
In mathematics, a function a(s) exists, which makes the








where a(s) is a monotonically decreasing function for s. 0 and










The variance of a(s) is very small in the interval (0,1‘), and
it has a high convergence rate to 1. When s 5 0.5, the value of
a(0.5) is equal to 1.1388. Some values of a(s) with s are pre-
sented in Table D1, and the curve displaying the variance of
a(s) with s is illustrated in Fig. D1.




















The parameter a(s) can be regarded as a constant when
solving Eq. (D2) because it does not diverge but always
converges quickly to a certain value during coagulation,
and the difference between the maximum and the mini-
mum is negligible. To facilitate the calculation, we choose
the initial value a(s0). Next, Eq. (15) can be obtained
from Eq. (D2).
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APPENDIX E
Derivation of Eq. (20)

























for s in which a0(s) and a2(s) are monotonically increasing and






























The properties of a0(s) imply that the variance with s is
very small in the interval (0, 1‘), and it has a high conver-
gence rate to 2 [e.g., a0(0.5) 5 1.9502], and notably, a2(s)
also has a high convergence rate to 2 [e.g., a2(0.5)5 2.3714].
Some values of a0(s) and a2(s) with s are presented in
Table E1, and the curves displaying the variance of them
with s are illustrated in Fig. D1.




































On the basis of the characteristics of ak(s) and bk(s) (k 5 1,




















where M00 is the initial value of M0, and t5KFME
1/6
0 M00t.
Following Xie and He’s solution to divide Eq. (E3a) by




















Let [a0(s)b0(s)]/[2a2(s)b2(s)]5A, and considering that the
calculation formula in Eq. (A1) additionally indicates that b0
and b2 are almost always identical, A can be redefined as
A5 a0(s)/[2a2(s)]. Solving Eq. (E5) and combining with


























where M20 is the initial value of M2.














FIG. D1. Three parameter functions in the analytical solutions.
TABLE E1. Values of a0, a2, b0, and b2 for s.
s a0 a2 b0 b2
0.1 1.861 928 2.988 801 1.421 529 1.355 28
0.2 1.908 277 2.674 563 1.284 650 1.255 496
0.3 1.929 314 2.524 918 1.220 996 1.204 311
0.4 1.941 801 2.433 792 1.182 569 1.171 774
0.5 1.950 22 2.371 422 1.156 369 1.148 85
0.6 1.956 344 2.325 642 1.137 172 1.131 666
0.7603 1.963 364 2.272 804 1.115 030 1.111 441
0.8 1.964 743 2.262 382 1.110 668 1.107 400
0.9 1.967 772 2.239 479 1.101 073 1.098 461
1.0 1.970 294 2.220 387 1.093 072 1.090 946
1.1 1.972 431 2.204 206 1.086 288 1.084 531
‘ 2 2 1 1
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APPENDIX F
SPT of y2-Based Model and y-Based Model
For y2- and y-based models (Vemury et al. 1994), the SPT in



























For the y2-based model, sgsc 5 1.445, Ac 5 13.1, Bc 5 180.3,
Cc 5 7.3, Dc 5 22.44, and Ec 5 2.63, whereas for the y-based
model, sgsc 5 1.446, Ac 5 17.3, Bc 5 182.6, Cc 5 4.4,
Dc 5 22.46, and Ec 5 2.55.
For y2- and y-based models in the free-molecular regime



























For the y2-based model, sgsf 5 1.463, Af 5 4.3, Bf 5 49.8, Cf 5
5.4, Df 5 22.18, and Ef 5 2.22, and for the y-based model,
sgsf 5 1.464, Af 5 5.3, Bf 5 45.1, Cf 5 2.7, Df 5 22.4, and
Ef 5 2.15.
APPENDIX G
The Case of SPSD in the Condensation
The description of condensation can be referenced in Shen
et al. (2020b). Here, it will be discussed in more detail, in-
cluding its numerical and analytical solution.
Unlike coagulation, condensation is the process bywhich gas
molecules are deposited on the surface of existing particles,
resulting in particle growth but not affecting particle number
(Li et al. 2020). The condensation rate has the following uni-
versal mathematical form (Yu et al. 2017):
G5qyx , (G1)
where q and x are constant with time, which depends on the
saturation ratio and physical parameters of coating molecules.
Here, let q 5 1 without loss of generality and x 5 1/3 for









where n(y, t) is the particle number density for particle volume
y and time t, G is the condensation growth rate, we obtain the








(k5 0, 1, 2, . . .). (G3)
This is the universal moment ODE for condensation, regard-
less of the size regime.
By introducing Eq. (3) into Eq. (G3), the ODEs with respect













































































































Following the characteristics of the second type of modified
Bessel function, the assumption K5/6(s)/K1/2(s)5A and
































For the difficulty caused by K5/6(s)/K1/6(s)5C, its initial




































1/3, a5 (V2C)1/3, h5
[(BC2A)/B]1/3, and the value of constant is calculated when
t 5 0. Thus, the analytical solutions of V and M1 can be ob-
tained from Eqs. (G10) and (G9). They are compared with the
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numerical solutions from Eq. (G5), and the results are pre-
sented in Fig. G1. By computation of Eq. (G10), the limit of V
is 1, that is, the limit of s5 1/(V2 1) is1‘, implying that there
is no limit for the parameter s in the PSD of the IGD, which
causes there to be no SPSD for the condensation because of the
function c(h) in Eq. (31) is 0 when s‘ is 1‘. This conclusion
coincides with the real-world situation, which also verifies the
effectiveness of the IGDMOM.
APPENDIX H
Nomenclature, Greek Letters, and Abbreviations
a. Nomenclature
y Particle volume
N Particle number concentration density
Mk kth moment of particle size distribution
N(t) Total particle number concentration at time t
N0 Initial total particle number concentration
C Cunningham correction factor
kB Boltzmann constant, JK
Kn Particle Knudsen number
t Time, s
T Temperature, K
r Aerosol particle radius
dp0 Initial mean diameter of aerosol
b. Greek letters
n Kinematic viscosity, m2 s21
b Particle collision kernel
m Gas viscosity kg m21 s21
l Mean free path of the gas, m
z Volume fraction of aerosol material
r Mass density of the particles
V Shape factor of size distribution
sg Geometric mean deviation of size distribution
f Mean of IGD
u Shape parameter of IGD
c Size distribution density function in SPSD
h Particle volume in the SPSD
t Scaled time
c. Abbreviations
KCE Kinetic coagulation equation
IGD Inverse Gaussian distribution
MOM Method of moments
SPSD Self-preserving size distribution
STM Similarity transformation method
TEMOM Taylor series expansion method of moments
IGDMOM Inverse Gaussian method of moments
Log MOM Lognormal method of moments
SM Sectional method
ODE Ordinary differential equation
SPT Self-preserving time
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